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(Read 5th July 1897.)

The purpose of this paper is to discuss the conditions under which the C dis-
criminant of a system of curves furnishes a curve which at every point of its length is
touched by a curve of the system.

Subsidiary Proposition.

The following proposition will be used :—
If A be the discriminant of

0 (1)
where A, B3 etc., are finite, continuous, single valued, differentiable functions of x and y,
the doubled root of U = 0 is

c = AA/AB = A,/ X, = AP/A, . (2)

Now, if we give such values to A, B, etc., that one of the functions AA . . . . Ap

vanishes in virtue of A = 0, then it follows from (2) that all the functions except Aft

must vanish. If AQ does not vanish, the doubled root is c = 0. Hence P and Q must
contain a factor in common with A, and this factor is the particular case of the system
(1) obtained by putting c = 0.

If all the functions AA . . . . AQ vanish, then since A^ = 2AAAr and Av = 2AAAy,
Ax = 0 and Ay = 0 all along this part of A = 0, that is A = 0 has a repeated factor.

Similarly, if AA=Ji0, AB = 0, the rest of the functions must vanish ; the doubled root
is c = oo, and A and B have a factor in common with A, this factor being a particular
case of system (1).#

* The discriminant may always be written in either of the forms :—

where x, x' a r e determinants whose first columns contain respectively only the coefficients A, B, D, and N, P, Q ; and
\p} if/ are determinants whose first columns contain respectively only A, B and P, Q.

Differentiating (a) we obtain :—

etc.
It is evident from (a) that A = 0 always passes through the points common to A = 0, B = 0, and that if these co-

efficients have a common factor A contains this factor. In this case (c) shows that AE, Ap, etc., vanish.
If A, B, and D have a common factor, x also contains this factor, and the same factor is by (a) repeated in A ;

(c) shows that in this case all the derived functions vanish. If one of the functions B, D vanish identically, it may
be considered as divisible by the factors contained in A.

Similar propositions hold with respect to N, P, Q, and in fact all the results obtained above may also be obtained
in this way.
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The system of curves

(?/- a)2(3y2 + 4ay + 2x2) = 0

has for discriminant A = {•y2 - x2f

AA = - 4D = - % - £) W 4- te/ + 2a;2)

(3)

AD=-4A=-4a2.

Along ?/ = # AA = 0 AB = 0 AD=JzO, the corresponding value of c is zero, and the part
-x = Q of the discriminant is a part of D = 0 and of B = 0.

Again, the system c3y + c%2y + x) + 3cx + 2x = o (4) has for its discriminant

AD= +18#(#—4i/)2

Along the branch (x — 4 /̂)3 = 0 of the discriminant all the functions vanish, and as
already indicated (x — iyf is a repeated factor.

Since AA = 0 for every point of the plane of x y, it is suggested that, regarded as a
function of x and y, the expression on the left-hand side of (4) contains a factor inde-
pendent of x and y. In fact, the expression is identically equal to (c + 2) (c2y + ex + x).

Along the branch x = 0 of the discriminant all the functions except AE vanish ;
the corresponding value of c is zero, and this part of the discriminant is contained in
D and in E.

It should be noted that the ordinary rule for calculating the value of c does not
hold in the last mentioned case; it holds, however, when the new and correct dis-
criminant x(x — Ay) is calculated as well as the new values of AA, AB, and AD.

Nature of the Value of C for an Envelope.

With regard to the value of e obtained, we have to remark that if it be indepen-
dent of x and y in virtue of the relation between the variables along any branch of the
discriminant, then that branch must be merely a particular case of the curves given by
the c equation, and not an envelope. An envelope may be a particular case of the C
equation; but the corresponding value of c in this case must be a function of the
variables, so that it changes its numerical value as we proceed from point to point of
the discriminant.

For example, the curves

and
c2 sin x — 2cy -f sin x = 0

have their discriminants respectively x(x - iy) and if - sin2.*1.

(5)

(6)
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(5)

Both these when equated to zero give constant values for c, and therefore do not
supply envelopes.

Envelope and Particular Case of the ' C" Curves simultaneously.

The system (5) consists of straight lines passing through the origin, and two
constant values of c correspond to any one of these straight lines ; but along x — Ay = 0
these two values become equal, hence this locus is included in the discriminant. The
curves given by the C equation might all touch each other at a fixed point, and in this
case the discriminant if it corresponded to a constant value of c would also touch each
curve of the group ; but it is plain that it is no more an envelope than the line
x — Ay = 0 is an envelope of the group (5).

On the other hand, the system y = c(x-cf (7) whose discriminant is 3y(Ax6- 27y)
gives for y = 0, c = x. Now, y = 0 is a particular case of the curves indicated by
y = c(x — c)2, viz., that given by c = 0; but c = 0 is not the corresponding value of c,
and the curve y = 0 is a true envelope. In fact we may regard the curve y = 0 as made
up of infinitesimally small pieces of each of the curves y — c(x — cf at their maximum
or minimum points.

Main Proposition.

Let us now take the irreducible equation

0 (8)

A, B, D, etc., being subject to the restrictions already stated

But
D = etc.,

.'. (AB)2 = AAAD, (AB)3 = (AA)2AE etc.,

all the functions being assumed finite both ways.

Hence
/ A V / A V " 1 ,

- f - . . .

Similarly

i.e. along A = 0

y~ ( A vi "| A A

(A.)"
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Therefore, assuming for the present that AA and Au are both finite both ways, and
that the corresponding value of c is variable, we have the following conclusions :—
II,. and Uy vanish or do not vanish according as AJ; and Ay respectively vanish or
do not vanish ; and when Â . and Ay are not both zero, the curve A = 0 touches at every
point of its length one of the curves U = 0. If, however, A^ and \ are zero in
consequence of the relation A = 0, both U, and \Jy vanish all along A = 0 (or part of it
if it be a degenerate curve), that is A = 0 is (provided c be variable) a locus of multiple
points on the system U = 0. Now if Ax = 0 Ay = 0 along a finite part of A = 0, A
must have a repeated factor. Hence, the occurrence of a repeated factor in the
discriminant indicates, under the conditions already stated iviih respect to AA, AB and
c, a locus of multiple points.

Locus of Multiple Points not in general an Envelope.

It is easy to show that in general the discriminant curve does not touch the U
curves at their multiple points; for if (x, y) be a double point on U = 0, we have
(rax and m2 being the values of the tangents of the angles which the tangent at this
point makes with the x axis)

}
J"

= _2szyu

The values for the discriminant are :—

(2m = >»1 '+m/=-:

and

(10)

(H>

(12)

(13)

The condition that the discriminant may touch one or both branches of the C curve
at the double point is easily found. In fact, if S"' = 0 be a repeated factor of the
discriminant, the condition that S = 0 touch one branch of U = 0 at the double point is

-U' 8 S8, Sv
(14)

and the condition that it touch both branches is

the value of c in terms of x and y having been substituted in U f , , U,.v and \Jyy after
differentiation. The conditions (14) and (15) may of course be expressed in terms of
the discriminant and its derived functions only.
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Practical Examination of the Curves U = 0 and A = 0.

Given therefore a system of curves U = 0 and the discriminant curve A = 0, we may
h f l l i l idraw the following conclusions :—

(1) If the terms P and Q contain a common factor, (or if P = 0) this factor is
contained in the discriminant and is not an envelope but merely the particular case of
the C system obtained by putting c = 0. Similarly, if A and B contain a common factor,
(or if B = 0), the corresponding discriminant factor is not an envelope. This factor
may be either single or repeated. '

(2) The remaining factors of the discriminant are either (a) single or (b) repeated.

(a) Taking the single factors, we must test whether the corresponding values of c
are constant or functions of x and y. Whether this is more easily done by
finding the value of AA/AB (as in the case where the c equation is of the
second degree in c) or by direct substitution, depends on special circum-
stances. If c be found to be constant the corresponding factor is not
envelope; but if c be variable, the curve is a true envelope and is touched
at every point of its length by the C curves.

(6) Taking the repeated factors we have to test whether they represent doubled (or
in general n-pled) curves, at every point of which Vx = 0 Uy = 0 in virtue
of U = 0 or loci of multiple points.#

The value of c discriminates between these two cases. If it be constant, the
locus is a particular case of the C curves. An example of this is supplied
by the system

y2 _ !) _ 3(^2 _ 2lf - 1) = 0

which is discussed below.

If c be variable, the locus is a locus of multiple points, and in general is nothing

more.

The following systems of curves illustrate some interesting points.

(1) c2(x2 + y2 + 2x) + 2cij + 2x=0 (a)
A = f - 2x(x2 + f + 2x) (b)

A = 0 has a node at the origin and an asymptote x = -1-.

Every circle of the system (a) touches A = 0 and passes through the origin, and
two circles of the system (given by c = =t 1) touch A = 0 at (0. 0)

(2) c2

• Note also here that the vanishing of the first three or the last three coefficients, in virtue of their containing
a common factor, leads to a repeated factor in the discriminant. This case ha? already been disposed of under (1).
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(b) represents two equal hyperbolae passing through the origin, with asymptotes
x=±}I = y. The curves (a) are a series of ellipses passing through the origin and
touching both parts of A = 0 there, as well as at one other point on each.

(3) c2x\+ 2c(f - a?) + (y - x)2(3y2 + 4xy + 2x2) = 0 (a)
A=(2/2_aj2)3 (b)

y + x = 0 is a locus of multiple points (c = 2x), y - x = 0 is a particular case of the
primitive given by c = 0.

(4) c2(^+2/2-l)2 + 6^ 2 +2 / 2 - l ) -3 (^ 2 -2y 2 -1 ) = 0 (a)

The points (y = 0, x= ± 1 ) are on all the curves (a) as well as on (b).

All the curves touch at these points the discriminant which is a particular case of

U = 0 (c=+oo) ;2 / = — is a tangent to all the curves at two points. The curve given

by c = - a is the image in the #-axis of the curve given by c = + a, and as c increases
to + oo and decreases to — oo the curves and their images gradually close together,
and finally give the discriminant.




